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Engineering of the dielectric environment represents a powerful strategy to control the electronic
and optical properties of two-dimensional (2D) materials without compromising their structural
integrity. Here we show that the recent development of high-κ 2D materials present new opportuni-
ties for dielectric engineering. By solving a 2D Mott-Wannier exciton model for WSe2 on different
substrates using a screened electron-hole interaction obtained from first principles, we demonstrate
that the exciton Rydberg series changes qualitatively when the dielectric screening within the 2D
semiconductor becomes dominated by the substrate. In this regime, the distance dependence of the
screening is reversed and the effective screening increases with exciton radius, which is opposite to
the conventional 2D screening regime. Consequently, higher excitonic states become underbound
rather than overbound as compared to the Hydrogenic Rydberg series. Finally, we derive a general
analytical expression for the exciton binding energy of the entire 2D Rydberg series .
Intense research during the past decade has estab-
lished the unique optical properties of two-dimensional
(2D) semiconductors such as single layers of transition
metal dichalcogenides (MX2 and MXY with M=Mo,W
and X=S,Se,Te)1–5. Most fundamentally, these ultrathin
materials host strongly bound excitons with binding en-
ergies reaching up to 25% of the band gap6–8 making
them candidates for excitonic devices that can be oper-
ated at room temperature. Another unique feature is
the extreme degree to which these excitons can be ma-
nipulated and controlled externally, e.g. via the dielec-
tric environment9–16. Higher-lying excitonic states also
exhibit unusual properties. In particular, the Rydberg
series does not follow the 1/n2 Hydrogenic series known
from 3D materials, but show a distinct non-Hydrogenic
behavior as a direct consequence of the non-local nature
of the 2D dielectric function17,18. For a translation in-
variant system the q-dependent dielectric function obeys
(q) =
∫
d(r− r′)(r− r′)eiq·(r−r′) (1)
From this it follows that non-locality in real space trans-
lates into q-dependence in reciprocal space. In bulk semi-
conductors it is typically a good approximation to set
(r−r′) = δ(r−r′), which yields a q-independent dielec-
tric function. In contrast, for a freestanding 2D semicon-
ductor (q) = 1 + αq (for small q), from which it follows
that screening in 2D is notoriously non-local. Further-
more, it has been shown that the dielectric function of a
2D material is sensitive to its dielectric environment, e.g.
a substrate. However, with a few notable exceptions19,20,
all experiments on excitons in 2D semiconductors re-
ported to date employed substrates with weak dielectric
screening, e.g. hBN, SiO2 or sapphire21–24. As a con-
sequence, the developed theory of excitons in atomically
thin materials have also exclusively focused on this sce-
nario.
In this work, we explore what happens to the exci-
tonic states of a 2D semiconductor, here exemplified by
WSe2, when the dielectric screening inside the 2D mate-
rial becomes dominated by the environment. For WSe2
on low-screening substrates we obtain the well known
non-hydrogenic exciton series17,25 where higher exciton
states are screened less than the n = 1 ground state. Here
we show that this trend is reversed when the dielectric
screening from the substrate exceeds the intrinsic screen-
ing in the 2D layer. At the end we generalize the 2D
hydrogen-like model previously developed25 for the ex-
citon effective dielectric constant in a 2D semiconductor
to include the effect of neighbouring substrate screening
and obtain excellent agreement with numerical solutions.
FIG. 1. A 2D layer with non-local, i.e. q-dependent, dielectric
function located on a dielectric media with constant permit-
tivity. The extension of the electric fields lines from two 2D
excitons with different spatial radius is depicted. The larger
the exciton radius, the more the screening is determined by
the environment outside the 2D material.
The excitonic states of the WSe2 monolayer are ob-
tained by solving the Mott-Wannier equation for the ex-
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F (r) = EnF (r) (2)
where µ is the exciton effective mass, W (r) is the
screened electron-hole interaction, En the binding en-
ergy of state n, and F (r) is the probability amplitude
for finding the electron and hole at separation r. We use
an exciton mass for WSe2 of µ = 0.187 adopted from the
Computational 2D Materials Database26 To calculate the
screened interaction between the electron and hole in the
2D layer we use the Quantum Electrostatic Heterostruc-
ture (QEH) model27, which has previously been shown
to yield accurate energies for excitons in van der Waals
heterostructures28,29. The QEHmodel takes the ab-initio
response functions of the 2D layer as input and thus ac-
counts fully for the non-local screening in the monolayer.
Screening from the environment is taken into account by
the method of image charges. We define the effective per-
mittivity of the environment as κ = (sub + 1)/2, where
sub and 1 are the permittivities of the half spaces above
and below the 2D material, see Fig. 1. We here restrict
our calculations to merely consider a 2D monolayer on a
dielectric substrate. We do this since by the virtue of the
defintion of κ, the results obtained for a 2D monolayer
on a dielectric substrate with dielectric constant a, will
be quantitatively very close to the same 2D monolayer
encapsulated between two substrates, both with dielec-
tric constants a/2, and therefore this method is straight-
forward to generalize to the case of an encapsulated 2D
monolayer. All future calculations and references for sub-
strates therefore addresses the setup in Fig. 1 with a a
substrate on one side and vacuum on the other side.
Before turning to the results of the exciton calcula-
tions, we discuss how the dielectric function of the WSe2
monolayer is influenced by the dielectric environment.
We define the dielectric function of the 2D monolayer by
(q) ≡ V (q)
W (q) (3)
where V (q) = 1/q is the 2D Fourier transform of 1/r
and W (q) is the screened Coulomb interaction between
two point charges in the 2D layer as obtained from the
QEH model. In Fig. 2 we show the dielectric function of
freestanding WSe2 (black), WSe2 on a weakly screening
substrate (blue, denoted S1), and a strongly screening
substrate (red, denoted S2). The horizontal dashed lines
(κ2D, κS1, and κS2) mark the q = 0 limits of the dielec-
tric functions, which equal the effective permittivity of
the environment (see below). We note that, κS2 = 13,
could easily be realized upon encapsulation of WSe2 in
the high-layered materials HfOx30,31 , while the κS1 = 2.5
corresponds to WSe2 on a hBN substrate.
We can rationalize the small-q behaviour of the dielec-
tric functions in Fig. 2, by combining two basic facts
about screening in 2D. Firstly, in the small q-limit, the
density response function of a semiconductor takes the
form, χ0(q) = −αq2 (independent of dimensionality).
Secondly, the electrostatic potential from a 2D charge
distribution of the form ρ(r, z) = eiq·rδ(z), equals
V (r, z) = 1
q
eiq·re−q|z|. (4)
Focusing first on the case of an isolated 2D layer, i.e. ig-
noring the z-dependence, the dielectric function becomes
2D(q) = 1 − V (q)χ0(q) = 1 + αq. In particular, there
is no intrinsic screening from the 2D layer in the q → 0
limit. Next, consider the effect of a substrate. It should
be clear from Eq. (4), that in the q = 0 limit all screening
is due to the environment and thus (0) = κ (potentials
do not decay away from the layer and there is no intrinsic
screening from the layer itself). Moreover, the contribu-
tion to the dielectric function from the environment will
be exponentially suppressed for larger q. These consid-
erations are evidently in agreement with the results in
Fig. 2. Interestingly, when κ becomes comparable to
the maximum permittivity of the 2D layer, (q) changes
qualitatively; in particular, the slope at q = 0 changes
from positive to negative.
FIG. 2. The q-dependent dielectric function of monolayer
WSe2 in isolation (black), in a weakly screening environment
(blue), and in a strongly screening environment (red). In
the limit q → 0, the dielectric function becomes equal to
the constant permittivity of the environment, κ. When the
screening from the environment exceeds the intrinsic screening
in WSe2, the slope of (q) at q = 0 changes from positive
to negative. The light gray lines show intermediate systems
illustrating the transition from one screening regime to the
other.
At this point we return to the Mott-Wannier exciton
model Eq. (2). It is well known that the exciton Ryd-
3berg series in a 2D semiconductor is distinctly different
from the usual Hydrogenic series observed in 3D bulk
materials17. This can be understood as a direct conse-
quence of (q) being an increasing function of q in the
relevant wavevector range from 0 to around 1/a where a
is a characteristic exciton size (a > 10 Å) for the TMDs.
This form of (q) results in excitons with higher n be-
ing less screened due to their more delocalized nature25
(more delocalized in real space corresponds to more lo-
calized in reciprocal space). This trend is reflected by
the black symbols in Fig. 3, which shows the binding
energies obtained from Eq. (2) for the lowest (l = 0)
exciton states of freestanding WSe2 normalized to the
n = 1 state. As a reference, the grey curve shows the
result for a 2D Hydrogen model
EHydrogenn = −
µ
2
(
n− 12
)2
κ2
. (5)
Note that the constant permittivity, κ, and exciton
mass, µ, do not enter the scaled binding energy,
EHydrogenn /E
Hydrogen
1 , which can thus be taken as a
universal curve corresponding to the situation of local
screening.
When WSe2 is placed in a weakly screening environ-
ment, e.g. on an hBN substrate corresponding to the blue
curve in Fig. 2, the scaled exciton binding energies move
closer to the Hydrogenic series but still display the same
trend of higher excitonic states being underscreened rel-
ative to the n = 1 ground state. In contrast, when WSe2
is placed in a strongly screening environment, e.g. encap-
sulated in HfOx corresponding to the red curve in Fig. 2,
the exciton binding energies move below the Hydrogenic
series. This marks a new screening regime in which the
excitons become more efficiently screened the larger n.
To understand the transition to the new exciton screen-
ing regime, we calculate the exciton wave function for the
three cases studied in Figs. 2 and 3 and from this extract
the exciton radius for the first six states in the Rydberg
series. We find an increasing exciton radius for higher
states in the Rydberg series as well known from the hy-
drogen atom model. For the n = 1 state of the freestand-
ing monolayer, we obtain an exciton radius around 16 Å
in good agreement with previous results32. We can define
an effective dielectric constant for the nth exciton state
by averaging the q-dependent dielectric function over a
disc with radius 1/an
〈n〉 = 2a2n
∫ 1/an
0
dq q(q). (6)
The result is shown in Fig. 4 represented by the circular
dots. As the exciton radius increases monotonically with
n the size of the averaging disc shrinks and the effec-
tive dielectric constant 〈n〉 increases or decreases with n
depending on the sign of d/dq at q = 0.
It is instructive to supplement the reciprocal-space
analysis by a real space picture. As shown in Fig. 1,
an increasingly larger fraction of the field lines between
FIG. 3. Exciton Rydberg series of WSe2 plotted relative to
the n = 1 state. The different colors represent the exciton
binding energies obtained from the Mott-Wannier model with
environmental screening corresponding to the three dielectric
functions in Fig. 2. The universal Hydrogenic series is shown
by the grey curve. The inset shows the actual exciton binding
energies for the Mott-Wannier model (triangles) and from Eq.
5, with the analytical expression for the effective screening,
Eq. 7 (empty circles)
.
the electron and hole will pass through the environment
as the exciton radius increases. Therefore, as n increases
the effective screening will change from being dominated
by the 2D layer to being dominated by the environment.
Consequently, whether screening of the exciton will in-
crease or decrease with n is determined by the permit-
tivity of the environment relative to the intrinsic permit-
tivity of the 2D layer.
We now derive an analytical expression for the effec-
tive dielectric constant determining the screening of the
exciton. We do this by generalizing the previously devel-
oped screened Hydrogen model developed in Ref.25 for
freestanding 2D layers, to include the dielectric screen-
ing from a substrate. First we note that the exciton
wave functions in reciprocal space, i.e. F (q), are typ-
ically confined to small q-values where the intrinsic di-
electric function of the 2D layer is linear. We therefore
take (q) ≈ 1 + 2piαq + κe−2dq, where α is the 2D static
polarizability and d is the distance between the center
of the 2D layer and the surface of the substrate (the
factor 2 accounts for the distance to the image charge).
The linear term describes the intrinsic screening from the
2D semiconductor while the last term is the substrate
screening which decays exponentially away from the sub-
4strate as discussed previously. Since the exciton radius
(an) is itself a function of the effective exciton dielectric
constant25, Eq. (6) has to be solved self-consistently with
the proposed form of (q). The integration can be read-
ily carried out analytically, however to obtain a closed
analytical form we Taylor expand the exponential term
around d/an after integration, which is in general a good
approximation for the the integration limits in eq. 6.
Given the large spatial extension of the exciton wave
function for the higher Rydberg states the accuracy of
this approximation increases with n. To relate 〈n〉 and
an we use the relation from the ideal 2D hydrogen model
with angular momentum quantum number l = 0 (see for
instance Ref.25). Combining this we arrive at an expres-
sion for the effective exciton dielectric constant:
〈n〉 = 12(1 + κ)
1 +
√
1 +
8µ
( 4
3piα− κd
)
(3n(n− 1) + 1)(1 + κ)2
 .
(7)
The result plotted in Fig. 4 (full lines) shows good agree-
ment with the QEH model for both low- and high-κ sub-
strates and demonstrating that the analytical expression
captures the combined effect of intrinsic 2D and the sub-
strate screening. We stress that the analytical Eq. (7)
contains no free parameters, but is completely defined
by α, κ, and d. The exciton binding energy can be ob-
tained from the 2D Hydrogen model, Eq. 5, by replacing
the κ by the effective exciton dielectric constant. Except
for underestimating the exciton binding energy of the 1s
state for the 2D and 2D@S2 systems of about 100 meV
and 50 meV respectively, we find excellent agreement for
all other Rydberg states, generally within about 15 %
compared to the QEH results, as shown in the inset of
Fig. 3. The underestimated value of the exciton binding
energy for the 1s state was also found in the original work
on freestanding 2D monolayers25 and can be ascribed to
the larger extent of F (q) for the 1s state which reduces
the accuracy of the linear approximation to the intrinsic
2D screening, 2D(q) ≈ 1 + 2piαq. In fact this approxi-
mation overestimates the intrinsic screening for larger q
leading to an underestimation of the binding energy for
the spatially localized 1s exciton.
Finally, we comment on the absolute size of the exci-
ton binding energies. While the first few states of the
Rydberg series of WSe2 on the weakly screening sub-
strate (κ = 2.5) are at least 100 meV, the 1s state in the
strongly screening environment (κ = 13) has a binding
energy around 140 meV which is reduced by more than
a factor 10 for the 2s state, making it unstable at room
temperature. By inserting 3 (or more) layers of hBN
(hBN = 4) between WSe2 and the substrate, the binding
energy of the 2S state increases to 40 meV, making is
stable at room temperature. While the exciton binding
energies are significantly increased, the system remains
in the anomalous screening regime.
In conclusion, we have identified a new screening
regime for 2D semiconductors, which arises when the
2D material is placed in a dielectric environment with
FIG. 4. Effective state-dependent dielectric constant for the
excitons in the Rydberg series of WSe2 (circular dots), see
definition in Eq. 6, and from the analytical solution (full
lines), see definition in Eq. 7. The different colors correspond
to WSe2 in different screening environments and the colour
coding follows the previous figures. For n→∞, the effective
dielectric constants converge towards the permittivity of the
environment, κ.
a permittivity exceeding that of the 2D layer itself. This
anomalous screening regime is characterized by a non-
local 2D dielectric function, (q), which decreases mono-
tonically with q. As a consequence, whereas the usual
non-Hydrogenic 2D exciton Rydberg series is character-
ized by states of higher n being less screened and there-
fore stronger bound as compared to the Hydrogen se-
ries, the opposite trend is observed in the anomalous 2D
screening regime. The new screening regime presents new
opportunities for advancing our understanding and abil-
ity to control exciton physics in 2D semiconductors.
ACKNOWLEDGMENTS
The Center for Nanostructured Graphene (CNG) is
sponsored by the Danish Research Foundation, Project
DNRF103. The project has received funding from the
European Research Council (ERC) under the Euro-
pean Union’s Horizon 2020 research and innovation pro-
gramme (Grant No. 773122, LIMA). SR acknowledges
financial support by RC-UK EPSRC (EP/K010050/1
and EP/L015331/1) and the Leverhulme Trust (Research
grant: Quantum revolution).
51 K. F. Mak, C. Lee, J. Hone, J. Shan, and T. F. Heinz,
Physical review letters 105, 136805 (2010).
2 T. Cheiwchanchamnangij and W. R. Lambrecht, Physical
Review B 85, 205302 (2012).
3 W. Zhao, Z. Ghorannevis, L. Chu, M. Toh, C. Kloc, P.-H.
Tan, and G. Eda, ACS nano 7, 791 (2013).
4 A. Molina-Sánchez, M. Palummo, A. Marini, and
L. Wirtz, Physical Review B 93, 155435 (2016).
5 A. C. Riis-Jensen, T. Deilmann, T. Olsen, and K. S.
Thygesen, ACS nano 13, 13354 (2019).
6 A. Ramasubramaniam, Physical Review B 86, 115409
(2012).
7 D. Y. Qiu, H. Felipe, and S. G. Louie, Physical review
letters 111, 216805 (2013).
8 C. Zhang, H. Wang, W. Chan, C. Manolatou, and
F. Rana, Physical Review B 89, 205436 (2014).
9 D. A. Ruiz-Tijerina and V. I. Fal’ko, Physical Review B
99, 125424 (2019).
10 C. Jin, E. C. Regan, A. Yan, M. I. B. Utama, D. Wang,
S. Zhao, Y. Qin, S. Yang, Z. Zheng, S. Shi, et al., Nature
567, 76 (2019).
11 M. L. Trolle, T. G. Pedersen, and V. Véniard, Scientific
reports 7, 39844 (2017).
12 S. Borghardt, J.-S. Tu, F. Winkler, J. Schubert, W. Zan-
der, K. Leosson, and B. E. Kardynał, Physical Review
Materials 1, 054001 (2017).
13 S. Park, N. Mutz, T. Schultz, S. Blumstengel, A. Han,
A. Aljarb, L.-J. Li, E. J. List-Kratochvil, P. Amsalem, and
N. Koch, 2D Materials 5, 025003 (2018).
14 A. Raja, A. Chaves, J. Yu, G. Arefe, H. M. Hill, A. F.
Rigosi, T. C. Berkelbach, P. Nagler, C. Schüller, T. Korn,
et al., Nature communications 8, 1 (2017).
15 A. Steinhoff, T. Wehling, and M. Rösner, Physical Review
B 98, 045304 (2018).
16 Y. Lin, X. Ling, L. Yu, S. Huang, A. L. Hsu, Y.-H. Lee,
J. Kong, M. S. Dresselhaus, and T. Palacios, Nano letters
14, 5569 (2014).
17 A. Chernikov, T. C. Berkelbach, H. M. Hill, A. Rigosi,
Y. Li, O. B. Aslan, D. R. Reichman, M. S. Hybertsen, and
T. F. Heinz, Physical review letters 113, 076802 (2014).
18 E. Liu, J. van Baren, T. Taniguchi, K. Watanabe, Y.-C.
Chang, and C. H. Lui, Physical Review B 99, 205420
(2019).
19 M. M. Ugeda, A. J. Bradley, S.-F. Shi, H. Felipe, Y. Zhang,
D. Y. Qiu, W. Ruan, S.-K. Mo, Z. Hussain, Z.-X. Shen,
et al., Nature materials 13, 1091 (2014).
20 Z. Qiu, M. Trushin, H. Fang, I. Verzhbitskiy, S. Gao,
E. Laksono, M. Yang, P. Lyu, J. Li, J. Su, et al., Science
advances 5, eaaw2347 (2019).
21 H.-P. Komsa and A. V. Krasheninnikov, Physical Review
B 86, 241201 (2012).
22 W.-T. Hsu, J. Quan, C.-Y. Wang, L.-S. Lu, M. Campbell,
W.-H. Chang, L.-J. Li, X. Li, and C.-K. Shih, 2DMaterials
6, 025028 (2019).
23 J. Yan, S.-Y. Chen, T. Goldstein, T. Taniguchi, K. Watan-
abe, and J. Tong, Bulletin of the American Physical So-
ciety 63 (2018).
24 D. Y. Qiu, F. H. da Jornada, and S. G. Louie, Nano letters
17, 4706 (2017).
25 T. Olsen, S. Latini, F. Rasmussen, and K. S. Thygesen,
Physical review letters 116, 056401 (2016).
26 S. Haastrup, M. Strange, M. Pandey, T. Deilmann, P. S.
Schmidt, N. F. Hinsche, M. N. Gjerding, D. Torelli, P. M.
Larsen, A. C. Riis-Jensen, et al., 2D Materials 5, 042002
(2018).
27 K. Andersen, S. Latini, and K. S. Thygesen, Nano letters
15, 4616 (2015).
28 A. C. Riis-Jensen, M. Pandey, and K. S. Thygesen, The
Journal of Physical Chemistry C 122, 24520 (2018).
29 S. Latini, K. T. Winther, T. Olsen, and K. S. Thygesen,
Nano letters 17, 938 (2017).
30 A. De Sanctis, I. Amit, S. P. Hepplestone, M. F. Craciun,
and S. Russo, Nature communications 9, 1 (2018).
31 N. Peimyoo, M. Barnes, J. Mehew, A. De Sanctis, I. Amit,
J. Escolar, K. Anastasiou, A. Rooney, S. Haigh, S. Russo,
et al., Science advances 5, eaau0906 (2019).
32 S. Latini, T. Olsen, and K. S. Thygesen, Physical Review
B 92, 245123 (2015).
